Abstract. Let k be a non-archimedean complete valued field and X be a k-analytic space without boundary in the sense of Berkovich. In this note, we prove that the three following properties are equivalent: 1) X is Stein in the sense of Kiehl; 2) X is Stein in the sense of complex geometry (holomorphically separated and holomorphically convex); 3) for every complete valued extension k ′ of k, the higher coherent cohomology of X × k k ′ vanishes.
1. Introduction
Background. A complex analytic space X is said to be Stein if it is
• holomorphically separated : for all points x, y ∈ X there is a global holomorphic function f : X → C such that f (x) = f (y); • holomorphically convex : for every compact K ⊂ X its holomorphically convex envelopê
where f K = sup K |f |, is compact. The so-called Theorem B of Cartan ([Car52a] , [Car52b] ) states that for a coherent sheaf F on a Stein space X the cohomology group H q (X, F ) vanishes for all q ≥ 1. Conversely, a complex analytic space X, countable at infinity, such that the higher cohomology of every coherent sheaf on X vanishes is Stein.
As for non-archimedean analysis, Stein spaces have been investigated in the framework of rigid geometry by Kiehl ([Kie67] ), Lütkebohmert ([Lüt73] ) and later on by Liu ([Liu88] , [Liu89] , [Liu90] ). The lack of local compactness of rigid spaces makes the notion of holomorphically convex hard to handle. Instead Kiehl considers a different property called quasi-Stein (renamed here being exhausted by Weierstrass domains) reminiscent of exhaustion by analytic blocks in complex analysis ([GR04, Chapter IV, §4]).
In the present note non-archimedean Stein spaces are studied in the context of Berkovich analytic spaces over a complete non-archimedean field k possibly trivially valued.
Definition 1.1 ([Kie67, Definition 2.3])
. A k-analytic space X is said to be exhausted by Weierstrass domains if it admits an affinoid cover for the G-topology {D i } i∈N such that D i is a Weierstrass domain in D i+1 for all i ≥ 0. Remark 1.2.
(1) If X is compact, the previous definition is equivalent to being affinoid.
(2) The affinoid domain D i can always be supposed to be contained in the topological interior of D i+1 . If X is without boundary the topological interior of D i in X coincides with the interior of D i relative to M(k) in the sense of Berkovich (cf. Proposition 2.5.8 (iii) and Corollary 2.5.13 (ii) [Ber90] ). We then recover the property called Stein by Kiehl.
Kiehl proved the following version of Cartan's Theorem B:
Theorem 1.3 ([Kie67, Satz 2.4]). Let X be k-analytic space, exhausted by Weierstrass domains {V i } i∈N and F a coherent sheaf on X. Then, (1) H 0 (X, F ) is dense in H 0 (V i , F ) for all i ≥ 0; (2) H q (X, F ) = 0 for all q ≥ 1.
Remark 1.4. Kiehl works with rigid spaces so that k should be supposed nontrivially valued and X strict. However his proof goes through verbatim under the hypothesis of Theorem 1.3. One can also argue that (1) follows from the density of [Kie67, Hilfssatz 2 .5]), while the compatibility of cohomology with field extensions (Theorem A.5) allows one to deduce (2) from the original result of Kiehl.
1.2. Statement of the results. In order to state the results, let us introduce the following definitions: Definition 1.5. Let X be a k-analytic space.
• The holomorphic convex hull of a compact subset K of X iŝ
where, for f ∈ H 0 (X, O X ), f K := sup x∈K |f (x)|. The k-analytic space X is said to be:
• holomorphically convex if for every compact subset K ⊂ X the holomorphically convex envelopeK X is compact; • holomorphically separable if for all points x, x ′ ∈ X there exists a holomorphic function f ∈ H 0 (X, O X ) such that |f (x)| = |f (x ′ )|; • rig-holomorphically separable if for all rigid points x, x ′ ∈ X rig there exists a holomorphic function f ∈ H 0 (X, O X ) such that f (x) = 0 and f (x ′ ) = 1; • cohomologically Stein if for every coherent sheaf F of O X -modules and every q ≥ 1 the cohomology group H q (X, F ) vanishes.
The main result of this note is: Theorem 1.6 (cf. Theorem 2.2). Let X be a k-analytic space without boundary and countable at infinity. The following are equivalent:
(1) X is exhausted by Weierstrass domains; (2) X is holomorphically convex and holomorphically separable; (3) for every analytic extension k ′ of k the k ′ -analytic space X k ′ is cohomologically Stein; (4) for every analytic extension k ′ of k and every coherent sheaf of ideals I on X k ′ such that O X k ′ /I is supported at a discrete set of points,
Moreover, if the valuation of k is non trivial, the preceding properties are equivalent to X being holomorphically convex and rig-holomorphically separable.
Remark 1.7.
(1) If the boundary of X is allowed to be non empty, then the preceding characterization fails to be true in general. Indeed, Liu [Liu90] exhibited an analytic domain of the 2 dimensional disc which is not affinoid and whose higher coherent cohomology vanishes. (2) The authors do not know at the moment whether the equivalent conditions in Theorem 1.6 are in turn equivalent to: (3') X is cohomologically Stein. (3) In a forthcoming paper the characterization will be extended to the case where the boundary is not empty.
The proof of Theorem 1.6 has two ingredients. One is Cartan's original argument to exhaust Stein spaces (cf. [Car52c, Lemme p. 8-9], [GR04, Chapter IV, §3 Theorems 6-7]). The other one is the compatibility of the construction of the holomorphically convex envelope with extension of scalars (cf. Proposition 4.1).
Let us state some formal consequences of Theorem 1.6: Corollary 1.8. Let X be a k-analytic space without boundary and k ′ an analytic extension of k. Then X is exhausted by Weierstrass domains if and only if X k ′ is.
Proof. It follows from Theorem A.5. Corollary 1.9. Let f : Y → X be a finite morphism between separated k-analytic spaces without boundary. Then,
(1) if X is exhausted by Weierstrass domains, then so is Y ; (2) if f is surjective and Y is exhausted by Weierstrass domains, then so is X.
Proof. Suppose first that k is not trivially valued. According to Theorem 1.6 it suffices to show that, for every analytic extension k
Let k ′ be an analytic extension of k. Since Y k ′ is exhausted by affinoid domains, it is cohomologically Stein. One can apply Proposition 3.7 to deduce that X k ′ is cohomologically Stein: indeed, X k ′ and Y k ′ are strict (they are without boundary and the valuation on k ′ is non trivial) and the morphism f k ′ : Y k ′ → X k ′ is finite and surjective.
If the valuation is trivial, Theorem A.5 permits to reduce to the preceding case.
Remark 1.10. Liu constructs in [Liu88] a compact k-analytic space which is not affinoid but whose normalization is. This furnishes a counter-example to the preceding Corollary when the spaces have not necessarily empty boundary.
Corollary 1.11. Let X be a separated k-analytic space without boundary and countable at infinity. Then, (1) X is exhausted by Weierstrass domains if and only if its reduction X red is; (2) X is exhausted by Weierstrass domains if and only if every irreducible component of X is.
Structure of the paper. In Section 2 we give a proof of Theorem 1.6 admitting Proposition 4.1. In Section 3 we prove some properties of cohomologically Stein spaces that permit us to deduce Corollary 1.9 from Theorem 1.6. In Section 4 we prove compatibility of holomorphic convex hulls to extension of scalars (cf. Proposition 4.1) and products (cf. Proposition 4.2). Appendix A recalls some results on normed structures on the space of global sections of a coherent sheaf on a k-analytic space (proved by A. Pulita and the second named author [PP17, Appendix A]).
Conventions. Let k be a field complete with respect to a non-archimedean valuation. Let X be a k-analytic space ([Ber93, §1.2]). For a point x ∈ X its completed residue field is denoted byκ(x) instead of the usual notation H(x). A point x ∈ X is said to be rigid ifκ(x) is a finite extension of k: if this is the case, its (already complete) residue field is written k(x). The set of rigid point is denoted by X rig . The spectrum of a Banach k-algebra A is denoted by M(A).
Proof of Theorem 1.6
In this section we prove a more precise form of Theorem 1.6 presenting some additional characterizations. In order to state them, introduce the following definition: Definition 2.1. A k-analytic space X is holomorphically spreadable if every closed analytic subspace of X which is proper over k, is finite.
Theorem 2.2. Let X be a k-analytic space without boundary and countable at infinity. The following are equivalent:
Moreover, the preceding properties are equivalent to:
(2a) X is holomorphically convex and, for every analytic extension k ′ of k, X k ′ is rig-holomorphically separable; (2b) X is holomorphically convex and there is a non trivially valued extension k ′ of k such that X k ′ is rig-holomorphically separable; (2'a) X is holomorphically convex and, for every analytic extension k ′ of k, X k ′ is holomorphically spreadable; (2'b) X is holomorphically convex and there is a non trivially valued extension k ′ of k such that X k ′ is holomorphically spreadable; and, if the valuation is non trivial, they are also equivalent to: (2c) X is holomorphically convex and rig-holomorphically separable; (2'c) X is holomorphically convex and holomorphically spreadable.
Remark 2.3. The proof of (4) ⇒ (2a) makes use of Proposition 4.1 which is proved in Section 4.
Proof. The path of proof that we will follow is more easily described by the following diagram:
(1) The following implications are clear:
When k is non-trivially valued implications (2c) ⇒ (2b), (2'c) ⇒ (2'b) are clear too. Therefore we are left with proving the following implications:
(1) ⇒ (2) Holomorphic separation. Let x, x ′ ∈ X be distinct points and let D ⊂ X be a Weierstrass domain containing them. Since
. Holomorphic convexity. Let K ⊂ X be a compact subset and D ⊂ X be a Weierstrass domain containing it. By density of
as subsets of X. In particularK X is compact. Let pr : X k ′ → X be the canonical projection. If pr(Z) is not single a point, let z 1 , z 2 be two distinct points in pr(Z). By hypothesis there exists a holomorphic function
In particular the function f |Z is non constant, contradicting the properness of Z.
If pr(Z) is a singleton {z}, let D be an affinoid domain containing z. Then Z is a proper analytic space contained in the affinoid domain D k ′ of X k ′ . Let z 1 , z 2 ∈ Z be two distinct points. Since an affinoid domain is holomorphically separated, there exists an holomorphic function f ∈ H 0 (D, O X ) such that |f (z 1 )| = |f (z 2 )|, contradicting as before the properness of Z.
(1) ⇒ (3) Being exhausted by Weierstrass domains is stable under extension of scalars. Therefore it suffices to prove for the result for k ′ = k. In this case it is Theorem 1.3.
(4) ⇒ (2a) Suppose that for every analytic extension k ′ of k and every coherent sheaf of ideals I on X k ′ such that O X k ′ /I is supported at a discrete set of points,
The argument for the holomorphic separation is the classical one: let k ′ be an analytic extension of k, x, x ′ rigid points of X ′ := X k ′ and I the ideal sheaf defining the closed analytic subspace {x} ∪ {x
. By hypothesis the cohomology group H 1 (X ′ , I) vanish, thus the sequence
For the holomorphic convexity, let K be a compact subset of X. According to [Poi13, Corollaire 5 .12] it suffices to show that the holomorphically convex envelopeK X is countably compact.
Let S = {x i } i∈N be a sequence of points inK X . Let k ′ be an analytic extension of k endowed for every i ∈ N with an isometric embedding
to Proposition 4.1 the points x ′ i belong to the holomorphically convex envelope of
. Suppose by contradiction that the sequence S discrete in X. Then the sequence S ′ = {x ′ i } i∈N is discrete too. Let I be the coherent sheaf of O X ′ -ideals made of holomorphic functions vanishing identically on S ′ . The cohomology group H 1 (X ′ , I) vanishes by hypothesis, thus the short exact sequence of O X ′ -modules,
The argument is similar to the proof of (2) ⇒ (2'a). Let k ′ be a nontrivially valued analytic extension of k such that X k ′ is holomorphically separated. Let Z be an irreducible closed k ′ -analytic subspace of X k ′ which is proper over k. As before Z may be supposed reduced. Suppose dim Z ≥ 1 and let z 1 , z 2 ∈ Z rig be rigid points (they exists because the valuation is non trivial).
By hypothesis there exists a holomorphic function
(2'b) ⇒ (1) Suppose X holomorphically separable and rig-holomorphically convex.
Proposition 2.4. Let X be a k-analytic space without boundary. Suppose X holomorphically separable and holomorphically convex. Let K be a compact subset of X.
Then, there exist a non-negative integer n, positive real numbers r 1 , . . . , r n , a map of k-analytic spaces f : X → A n,an k and open neighbourhoods U ofK X and V of f (U ) such that:
(1) the induced map
. . , r n is contained in V ; (3) the holomorphically convex hullK X is contained in the interior in X of the
Proof. The proof consists of three steps.
Step 1: construction of the morphism. Since X is holomorphically convex,K X is compact. Thus one may suppose K =K X . For every point 
be the induced morphism and, for i = 1, . . . , n, r i := f i K . The image of a point x ∈ X belongs to the disc
Step 2: constructing the open subsets. Set V := A n,an k f (∂W ). Since ∂W is compact and ∂W does not meet D, V is an open neighbourhood of D. The subset
is open in X and the map f |U : U → V is topologically proper.
1
Since the k-analytic spaces U and V are without boundary, f is proper as a morphism of k-analytic spaces.
Step 3: proving that the morphism is finite. Let k ′ be a non-trivially valued analytic extension of k such that X k ′ is holomorphically spreadable. In order to prove that f is finite it suffices to prove that
Thanks to [Ber90, Proposition 3.3.2] and [BGR84, 9.6.3 Corollary 6], it suffices to prove that, for every y ∈ V k ′ ,rig the fiber
Since X is countable at infinity there is an increasing sequence of compact subsets {K i } i≥0 such that K i is contained in the interior of K i+1 and which cover X.
Claim 2.5. There is an increasing sequence of affinoid domains D i ⊂ X such that, for all i ≥ 0, D i contains K i and there exists functions f i1 , . . . , f ini ∈ H 0 (X, O X ), positive real numbers r i1 , . . . , r ini and an open subset U i such that
Proof of the Claim. In order to define the sequence, it is convenient to start the induction at −1 and set D −1 = ∅. Then, for all i ≥ 0 and supposing D i−1 defined, apply Proposition 2.4 with 
for all q ≥ 0. Since f is finite and X is affinoid, Y is affinoid too and the cohomology groups H q (Y, F ) vanish for all q ≥ 1.
Proof. In order to compute the cohomology of a coherent sheaf F on Y , thanks to the preceding lemma, one is led back to compute the cohomology of the coherent sheaf f * F on X. Since the latter is supposed to be cohomologically Stein, H q (X, f * F ) vanishes for all q ≥ 1.
Let X be a k-analytic space and for every n ∈ N let I n ⊂ O X be a coherent sheaf of ideals such that I n+1 ⊂ I n for every n ∈ N. For n ∈ N let X n be the closed analytic subspace associated to I n and ι n : X n → X be the corresponding closed immersion. For a coherent sheaf of O X -modules F and integers n, q ≥ 0, the surjection
Lemma 3.3. With the notation introduced above, suppose X separated and that for every affinoid domain D ⊂ X there exists an integer r ≥ 0 such than I r|D = 0. Then, for every coherent sheaf on O X -modules F and every q ≥ 0, (1) the map Φ F is surjective; (2) if X n is cohomologically Stein for all n ∈ N, then Φ F is an isomorphism and X is cohomologically Stein.
Remark 3.4. The separation hypothesis here appears in order compute cohomology of a coherent sheaf as Čech cohomology with respect to an affinoid cover.
Proof. Let D = {D λ } λ∈Λ be a cover of X by affinoid domains for the G-topology. The cohomology of F can be computed as Čech cohomology with respect to the covering D: for integers n, q ≥ 0,
where D n is the collection {D λ × X X n } λ∈Λ . Write
the set of q-cochains with values in F , where
the corresponding differential maps, so that the following diagram is commutative:
where the vertical arrows are the restrictions maps. By hypothesis, for every λ ∈ Λ, there exists an integer r ≥ 0 such that D × X X r = D. In particular, the induced map
is an isomorphism. Through this isomorphism cocycles in both sides can be identified ("taking kernels commutes with inverse limits"):
This gives immediately (1). As for (2) one has to prove that the natural map at the level of coboundaries
is surjective (the identification (3.1) already implies that it is injective). Indeed, if this is the case,
these sets being seen as subsets of C q+1 (D, F ) through (3.1). Remark that the equality Im d follows from the hypothesis of X n being cohomologically Stein.
In order to prove (3.2) one is led back to prove that the projective system of cocycles (Ker d q n ) n∈N satisfies the Mittag-Leffler condition, which assures the surjectivity of the map
One actually shows more: the restriction map Ker d q n+1 → Ker d q n is surjective for all n ∈ N. The argument goes as follows. Let t ∈ Ker d q n be a cocycle. Since X n is cohomologically Stein, there exists s ∈ C q (D n , F ) such that d q−1 n (s) = t. On the other hand X n+1 is Stein, thus the restriction map
is surjective. Therefore there exists s Let n ∈ N be a non-negative integer. For every coherent sheaf of O Xn -modules F and every integer ℓ ≥ 0, consider the short exact sequence
and the associated long exact sequence of cohomology,
If ι : X red → X n is the canonical morphism, then N ℓ F/N ℓ+1 F = ι * ι * N ℓ F . Since X red is supposed to be Stein, the higher cohomology of N ℓ F/N ℓ+1 F vanishes, by Lemma 3.2. Employing this in the long exact sequence of cohomology groups, the homomorphism
, is seen to be surjective for all q ≥ 1 (actually bijective for q ≥ 2). Since the sheaf N n vanishes on O Xn , H q (X n , N ℓ F ) vanishes for all q ≥ 1 and all ℓ ≥ 0.
Proposition 3.6. Let X be a separated k-analytic space. Then X is cohomologically Stein if and only if every irreducible component of X is cohomologically Stein.
Proof. (⇒) Clear. (⇐) Thanks to Lemma 3.3 one may assume that X has a finite number of irreducible components. Indeed, let X n be the union of irreducible components of X of dimension ≤ n and let I n be the coherent sheaf of ideals defining X n . Since an affinoid domain D ⊂ X has finite dimension, the hypothesis of Lemma 3.3 is fulfilled. Therefore it suffices to prove the statement when X is finite-dimensional. We argue by induction on the dimension d of X. If d = 0 the statement is obviously true. Suppose d ≥ 1. If the support of a coherent sheaf F on X has dimension ≤ d − 1 then its higher cohomology vanishes (whether Supp F is reduced or not does not matter because of Proposition 3.5). Indeed, any irreducible component S of Supp F is contained in an irreducible component Y of X. According to Proposition 3.1, S is cohomologically Stein being a closed analytic subset of Y (which is cohomologically Stein). Applying the inductive hypothesis to Supp F one concludes that it is cohomologically Stein.
Let {X (i) } i∈I be the set of irreducible components of X and
the natural map. The k-analytic space X ′ is cohomologically Stein. The morphism π is finite: indeed, this property being local on the base, one may suppose X to be affinoid, for which the statement is clear (an affinoid has at most finitely many irreducible components).
Let π ♯ : O X → π * O X ′ the homomorphism induced by π and consider the short exact sequence
Let U ⊂ X be the subset of points belonging to only one irreducible component. Its complement X U is a closed analytic subset of dimension
Let F be a coherent sheaf of O X -modules. Applying Hom(−, F ) to the preceding short exact sequence, one obtains an exact sequence
Observe the following:
(1) The sheaf Hom(π * O X ′ , F ) has a natural structure of π * O X ′ -module, hence it is the push-forward π * E of a coherent sheaf E of O X ′ . Since π is finite, according to Lemma 3.2,
The support of C is contained in X U as well as the support Hom(C, F ).
Thus the higher cohomology of Hom(C, F ) vanishes. Applying these considerations to the long exact sequence of cohomology groups associated to the short exact sequence, is an isomorphism on U , the support of Coker(ϕ) is contained in X U . Thus the higher cohomology of Coker(ϕ) vanishes. The long exact sequence of cohomology associated to the preceding short exact sequence gives H q (X, F ) = 0 for all q ≥ 1.
Proposition 3.7. Let X, Y be separated strict k-analytic spaces and f : Y → X a finite morphism. If f is surjective and Y is cohomologically Stein, then X is cohomologically Stein.
Proof. We adapt the argument given in [Liu88] . According to Proposition 3.6 it suffices to prove the statement when X is also assumed irreducible.
We argue by induction on the dimension d of X. If d = 0 the statement is true. Suppose d ≥ 1. If a coherent sheaf F is not supported at the whole X, then its higher cohomology vanishes. Indeed, let S be an irreducible component of Supp(F ). Then f −1 (S) ⊂ Y is cohomologically Stein because it is a closed analytic subset of Y which is assumed to be cohomologically Stein. Since dim S ≤ d − 1, the induction hypothesis implies that S is cohomologically Stein. In particular, all the irreducible components of Supp(F ) are cohomologically Stein, hence Supp F is cohomologically thanks to Proposition 3.6.
Claim 3.8. There exists a rigid point x ∈ X, an integer n ≥ 1 and global sec-
Proof of the Claim. Let x be a rigid point. The fiber of the sheaf f * O Y at x is the structural sheaf at the closed k-analytic subspace Z = f −1 (x) of Y . Since higher cohomology vanishes on Y , the restriction map
is surjective. Let n be the dimension of the k(x)-vector space H 0 (Z, O Z ) and let s 1 , . . . , s n be global sections on Y which generates
The rest of the proof goes along the same lines of that of Proposition 3.6.
Holomorphically convex hulls
In this section we prove compatibility of the formation of the holomorphic convex hull (as defined in the introduction) to extension of scalars and products. More precisely:
Proposition 4.1. Let X be a k-analytic space that is countable at infinity and K be a compact subset of X. Let k ′ be an analytic extension of k, X ′ = X k ′ and
2. For i = 1, 2 let X i be a k-analytic space and K i be a compact subset of X i . Assume that there exists i ∈ {1, 2} and a non-trivially valued analytic extension k ′ of k such that X i is separated and countable at infinity and that
, where for i = 1, 2, pr i : X → X i is the projection on the i-th factor. Then,
While the first compatibility is needed for the proof of Theorem 1.6, we included the second one for the sake of completeness. For this reason and the fact that the proofs are similar, we limit ourselves to give a complete proof of Proposition 4.1 indicating the changes one has to perform in order to obtain Proposition 4.2.
4.1. Some normed algebra. The proofs of Propositions 4.1 and 4.2 rely on some results of normed algebra that we review in this section.
Definition 4.3.
(1) A normed k-vector space is a k-vector space V equipped with a nonarchimedean norm · V such that λv V = |λ| v V for all λ ∈ k and v ∈ V . (2) Let α > 1 and V be a normed k-vector space. A family of vectors {v i } i∈I of V is α-cartesian if, for every finite subset
with the tensor norm · V ⊗W defined, for t ∈ V ⊗ k W , as 
One concludes the proof applying the inductive hypothesis to W = Ker ϕ.
Proposition 4.5. Let V , W be normed k-vector spaces. Let α > 1 and v 1 , . . . , v n be a linearly independent α-cartesian family of V . Then, for w 1 , . . . , w n ∈ W ,
Therefore, up to replacing V by V 0 , one may assume that V is finite dimensional and v 1 , . . . , v n is a basis of V .
Let w 1 , . . . , w n ∈ W and t = n i=1 v i ⊗ w i . By definition of the tensor norm, for ε > 0, there exist an integer n 
where w
. . , v n is a basis and
one has w ′′ j = w j for all j = 1, . . . , n. The result follows letting ε tend to 0. 4.2. Germs of holomorphic functions along a compact subset. Let X be a k-analytic space and K a compact subset of X. Let D K be the set of compact analytic domains 3 containing K.
Definition 4.6. The ring of germs along K is the k-algebra
The k-algebra A K is equipped with the sup norm · AK on the compact K.
Proposition 4.7. Let X be a k-analytic space, K ⊂ X a compact subset and A the ring of germs along K. Let k ′ be an analytic extension of k, pr : X ′ = X × k k ′ → X be the morphism induced by extension on scalars and K ′ := pr −1 (K). Denote by · A,k ′ the tensor norm on A ⊗ k k ′ and ρ A,k ′ the associated spectral norm. Then,
Proof. We prove first the inequality ρ A,k ′ (f ) ≥ sup pr −1 (K) |f |. Let x ∈ K be a point. By definition the evaluation map ev x : A →κ(x) is norm-decreasing, therefore the map induced on tensor products,
is norm decreasing too. According to [Ber90, Theorem 1.
where S is the completion ofκ(x) ⊗ k k ′ with respect the tensor norm · κ(x),k ′ and ρκ (x),k ′ is the spectral norm associated to · κ(x),k ′ . The spectrum M(S) is naturally identified with the fibre pr −1 (x) whence the wanted inequality.
3 A compact subset D ⊂ X is an analytic domain if it is a finite union of affinoid domains. If
is independent (up to a unique isomorphism) of the choice of the affinoid cover (see Remark 1.2.1 (i) in [Ber93] ).
On the other hand, suppose first that K is an affinoid domain in X. Then
Suppose then that K is a finite union of affinoid domain D 1 , . . . , D n in X with
where, for i = 1, . . . , n, ρ Ai is the sup norm on D i . In other words, endowing A and A i with the corresponding spectral norms, the map
. . , f |Dn ), is isometric. It follows from [Poi13, Lemme 3.1] that the induced map on the tensor products
is also norm decreasing. It follows from the preceding case, for
which concludes the proof.
Proposition 4.8. For i = 1, 2 let X i be a k-analytic space, K i ⊂ X i a compact subset and A i the ring of germs along K. Let X := X 1 × k X 2 and
, where, for i = 1, 2, pr i : X → X i is the projection of the i-th coordinate. Denote by · A1,A2 the tensor norm on A 1 ⊗ k A 2 and ρ A1,A2 the associated spectral norm. Then, for every 
Proof. Consider the family D K of analytic domains D ⊂ X containing K. Set
and endow it with the sup norm · K on the compact K. 
where · A,k ′ denotes the tensor norm on A ⊗ k k ′ .
Proof of the Lemma. Let V be a finite dimension k-vector space of k
Since V is finite dimensional there exists a α-cartesian basis λ 1 , . . . , λ n of V (Proposition 4.4).
Write
is isometric and Proposition 4.5 yields
By hypothesis the point x belongs to the holomorphically convex hull of K in X, that is, |h(x)| ≤ h K for all holomorphic function h on X. In particular,
which concludes the proof of the Lemma.
The previous Lemma permits to prove the statement when
Indeed, applying it to every positive power of f ,
where the last equality comes from Proposition 4.7. 
is injective and induces a bi-bounded isomorphism
Then, according to the preceding case, there exists y ∈ K such that
and we conclude letting ε tend to 0.
Proof of Proposition 4.2.
The argument is analogous to the one of Proposition 4.1. The main difference is that one has to use Proposition 4.8 instead of Proposition 4.7 and Theorem A.6 instead of Theorem A.5.
Appendix A. Banachoid spaces
By definition, the ring of global sections of an affinoid space is a Banach algebra. From the algebraic point of view, this is very convenient since the theory of Banach algebras is well documented and many results are available.
However in this article we are interested in spaces with no boundary, and their rings of global sections are no longer Banach algebras but only Fréchet algebras at best. For similar reasons, Andrea Pulita and the second named author have developed a theory of normoid Fréchet spaces (i.e. Fréchet spaces with a distinguished family of semi-norms as part of the data) in [PP17, Appendix A], inspired by Gruson's work [Gru66] in the setting of Banach spaces. We recall here the basic definitions and results for the convenience of the reader.
Definition A.1. Let M be a non-empty set. An M -normoid space is a k-vector space U endowed with a family of seminorms u = (u m ) m∈M .
We endow U with the uniform structure and the topology induced by u. In more concrete terms, this means for instance that a sequence (x n ) n≥0 in U tends to 0 if, and only if, for each m ∈ M , the sequence (u m (x n )) n≥0 tends to 0. Definition A.2. Let M be a non-empty set. An M -Banachoid space is an Mnormoid space that is Hausdorff and complete.
Obviously, any Banach space (A, · ) gives rise to a Banachoid space (A, u · ), where u · is the family containing the single element · .
The main example we have in mind in the following. Let X be a k-analytic space and let D be an affinoid covering of X for the G-topology. If F is a coherent sheaf on X, a similar construction can be used to put a Banachoid structure on the space H 0 (X, F ), by first endowing each H 0 (D, F ) with the norm coming from a surjection H 0 (D, O X ) nD → H 0 (D, F ). Note that, for each complete valued extension k ′ of k, the set {D k ′ | D ∈ D} is an affinoid covering of X k ′ for the G-topology, hence we get an induced Banachoid structure on H 0 (X k ′ , F k ′ ). We refer to [PP17, Definition A.1.9] for more details about those constructions. Definition A.3. Let (U, (u m ) m∈M ) and (V, (v n ) n∈N ) be Banachoid spaces. We say that a k-linear map f : U → V is bounded if, for each n ∈ N , there exists a real number C n and a finite subset M n of M such that ∀x ∈ U, v n (f (x)) ≤ C n max m∈Mn (u m (x)).
In the situation of the examples above, it is not difficult to check that, if one changes the affinoid covering, the identity map between the two Banachoid spaces is bounded (see [PP17, Lemma A.1.10]). Similarly, a morphism of coherent sheaves F → G gives rise to a bounded morphism of Banachoid spaces H 0 (X, F ) → H 0 (X, G) (see [PP17, Lemma A.1.19]).
We now come to the definition of completed tensor product. Let (U, (u m ) m∈M ) and (V, (v n ) n∈N ) be Banachoid spaces. For each m ∈ M , n ∈ N and z ∈ U ⊗ k V , set The map u m ⊗ v n is a seminorm on U ⊗ k V . We denote by U⊗ k V the Hausdorff completion of U ⊗ k V . It is naturally a Banachoid space.
As one can expect, it is also possible to define a notion of bounded bilinear map and the space U⊗ k V can then be proven to satisfy the expected universal property (see [PP17, Proposition A.3 .1]).
In the following, we will be interested specifically in the case where we tensor by a complete valued extension k
